
Lecture 5: The wave equation, dim=1 

The one-dimensional wave equation is a hyperbolic 2nd order PDE of the form 

௧௧ᇱᇱݑ െ ܿଶݑ௫௫ᇱᇱ ൌ 0 

It describes the propagation of waves with a c 0, ܿ א Թ.  onstant speed ܿ ്

The characteristics for the wave equation are ݔ േ ݐܿ ൌ const, and the change of 
variables 

λ ݔؔ ൅ ߤ                     ,ݐܿ ݔؔ െ

transforms the initial equation to its can l form 

 ݐܿ

onica

஛ఓݑ ൌ0.  

Then the general solution of the latter equation is 

ሺݑ ൌ ܨ ሻݐܿ ൅ ݔሺܩ െ ሻ.                        ݔ, ሻݐ ሺݔ ൅ ݐܿ   (*) 

If we assume that ܨሺݏሻ and ܩሺݏሻ are of class ܥଶ in the interval ሺܽ, ܾሻ ؿ Թ then  
,ݔሺݑ   ଶ in a rectangle domainܥ ሻ is of classݐ

ܽ ൏ ݔ േ ݐܿ ൏ ܾ, 

(see the picture below) which is called rectangles of characteristics: 

 

 

The fact that ݑሺݔ,  ሻ is a sum of two functions in one variable usually is interpretedݐ
as a superposition of two waves propagating with a constant shape in opposite 
directions along the ݔ-axis.  



Example: In the s belo  you c positio  of waves with   picture w an see the super n

݂ሺݔሻ ൌ
1

coshሺݔ െ 1ሻ
,               ݃ሺݔሻ ൌ

4
coshሺݔ ൅ 2ሻ

 

     

 

and the corresponding time evolution: 

 



The initial value problem 

Let us consider the fo t  ave equation: llowing Cauchy problem for he above w

,ݔሺݑ 0ሻ ൌ ݃ሺݔሻ,              ݑ௧ᇱሺݔ, 0ሻ ൌ ݄ሺݔሻ, 

where  ݃ and ݄ are arbitrary fu sentation (*), we get nctions. Using the repre

,ݔሺݑ 0ሻ ൌ ሻݔሺܨ ൅  ሻݔሺܩ

and 

,ݔ௧ᇱሺݑ 0ሻ ൌ ሻݔᇱሺܨܿ െ  .ሻݔԢሺܩܿ

By integrating the later, 

ܿሾܨሺݔሻ െ ሻሿݔሺܩ ൌ න ݄ሺݏሻ ݀ݏ ൅ ܥ
௫

଴
 

and combining this with the former equation we find from the obtained linear 
system that 

ሻݔሺܨ ൌ
1
2
݃ሺݔሻ ൅

1
2ܿ
න ݄ሺݏሻ ݀ݏ ൅ ଵܥ
௫

 
଴

ሺݔሻ ൌ
1
2

ܩ ݃ሺݔሻ െ
1
2ܿ
න ݄ሺݏሻ ݀ݏ െ ଵܥ
௫

଴
 

for some new constant ܥଵ. Substituting the found relations yields the well-known  

d’ Alembert’s formula: 

,ݔሺݑ ሻݐ ൌ
1
2
ሾ݃ሺݔ ൅ ሻݐܿ ൅ ݃ሺݔ െ ሻሿݐܿ ൅

1
2ܿ
න ݄ሺݏሻ ݀ݏ
௫ା௖௧

௫ି௖௧
. 

 

In the other direction, a straightforward calculation shows that the above 
representation gives a ܥଶ-solution to the above Cauchy problem provided that 
݃ א ݄ ଶ andܥ א   .ଵܥ

 

  



Some conclusions from d’Alembert‘s formula 

• The smoothness of ݑሺݔ,  ሻ is prescribed by that of its initial conditions, forݐ
instance, if ݃ א ݄ ௣ାଵ andܥ א ௣ en ݑሺݔ, ܥ .௣ାଵ-solutionܥ ሻ is aݐ  th

• The solution is unique and ݑሺݔ,  .ሻ depends continuously on the data (obsݐ
that there are not derivatives in the R.H.S.!). Hence the Cauchy problem for 
the wave equation is well posed. 

 

 
• One can see from the d’Alembert formula (see also the picture above) that 

the solution at some point ሺݔ଴, ଴ݔ ଴ሻ, whereݐ א Թ, ଴ݐ ൒ 0, is completely 
determined by the initial data in the following interval (the domain of 
dependence for ሺݔ଴,   :(଴ሻݐ

଴ݔ െ ଴ݐܿ ൑ ݔ ൑ ଴ݔ ൅  ଴ݐܿ
 

 
Physically, this property is equivalent to the finite propagation speed of 
ignals: s

 
 ݐ
 
                                       Range (cone) of influence             
                          ሺݔ଴,  ଵݔ  ଴ሻ                         ofݐ
 
 
 
 
 
଴ݔ         െ ଴ݔ                         ݐܿ ൅  ݔ                                            ଵݔ            ݐܿ
 
 
 

• The later property provides also the background of special relativity 
(considered firstly by Hendrik Lorentz and Henri Poincaré, and later by 
Albert Einstein). The cone above then is the so-called light cone in the 
space-time. 

 

  



Weak solutions 

In view of the general solution given above,  

,ݔሺݑ ሻݐ ൌ ݔሺܨ ൅ ሻݐܿ ൅ ݔሺܩ െ  ሻݐܿ

it is natural to expect that it defines a weak solution when the functions ܨ and ܩ are 
no longer of class ܥଶ. There are several ways to define a weak solution to the wave 
equation, we consider an algebraic approach which requires no extra analytic 
considerations. 

ߣ ,ݐܿ ߤ ൌ ݔ െ  ,ݐܿ

Recall our notation 

ൌ ݔ ൅

and consider some functions ܨሺߣሻ and ܩሺߤሻ and a rectangle ܦܥܤܣ in the ߤߣ-plane 
as shown in the first picture below: 

 t                                                                            ߤ     

                                 D 
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                                                                                                                 A 

    B                                 A                              B                                                  x 

                             ߣ                                                   

                                                                                          C 

Since ܨሺߣሻ is constant along vertical lines and ܩሺߤሻ is constant along horizontal 
lines, we   have  

ሻܣሺܨ ൌ     ,ሻܦሺܨ ሻܥሺܩ     ,ሻܤሺܩ ൌ ሻܤሺܨ  .ሻܦሺܩ ൌ ሻܣሺܩ     ,ሻܥሺܨ ൌ

Using our represe ሻ  we find ntation ݑሺߣ, ሻߤ ൌ ሻߣሺܨ ൅ ߤሺܩ

ሻܣሺݑ ൅ ሻܥሺݑ ൌ ሻܤሺݑ ൅  (**)                      ሻܦሺݑ

that is the sums of the values of ݑ at opposite vertices are equal. Translated to the 
 plane, we view the previous relation as a parallelogram rule for solutions (recall-ݐݔ
that the sides of the latter parallelogram are segments of characteristics).   

Definition: a weak solution of the wave equation is any function ݑሺݔ,  ሻ satisfyingݐ
(**) for every such parallelogram in its domain. 


