
Weak solutions of the Poisson equation 

Now we are ready to demonstrate the usefulness of Sobolev spaces in the simplest situation, 
namely, we prove the existence of weak solutions of the Poisson equation.  

Let ܷ is a bounded open subset of Թ  and let us consider the Dirichlet problem for the Poisson 
equation: 

୬

ሻݔሺݑ∆ ൌ ݂ሺݔሻ, ݔ א ܷ 

ሻݔሺݑ ൌ ݔ              ,0 א ߲ܷ. 

ݔ݀ ߮ ൌ න ݑ׏ · ݔ݀ ݒ׏
௎

                                                       ሺ1ሻ 

The following remarks are appropriate to mention here: 

଴ܪ of a larger class ݑ
ଵ,ଶሺܷሻ. 

ሺݑ, :ሻݒ ൌ න ݑ׏ · ݔ݀ ݒ׏
௎

 

in the left hand side looks like a scalar product. 
(c) on on a linear functional  

௎
                     ሺ2ሻ 

and the scalar product ሺݑ,  ሻ that resembles the Riesz representation theoremݒ
(d) unc rm for 

௎ ௎
ቇ ൌ ԡ݂ԡ௅మԡݒԡ௅మ ൑ ԡ݂ԡ௅మԡݒԡுబ

భ,మ 

 
that is ܨሺݒሻ extends (by Hahn-Banach theorem) to a bounded functional in ܪ଴

ଵ,ଶሺܷሻ. 

We retu e sc

௎

is well-defined in the whole ܪ଴
ଵ,ଶሺܷሻ, symmetric and positive there (notice that |ݑ|ଵ ൌ 0 yields 

ݑ ؠ ݑ ,which implies, by the zero boundary condition ,ݐݏ݊݋ܿ ؠ 0). Denote by |ݑ|ଵ ൌ ඥሺݑ, ሻݑ

Since we are interested in the zero boundary condition, it is reasonable to consider ܥ଴
ஶሺܷሻ as the 

class of test functions. Let ݑ be the classical solution of the above Dirichlet problem. Then 
multiplying the Poisson equation by an arbitrary test function ݒ א ଴ܥ

ஶሺܷሻ and integrating 
the obtained equality by parts yields 

െ න ݂
௎

(a) The latter equality may also be interpreted for any function 
(b) A bilinear form 

The identity (1) can be interpreted now as equati

:ሻݒሺܨ ൌ െ න ݔ݀ ݒ݂                                      

If ݂ א ଶሺܷሻ, the linear fܮ tional ܨሺݒሻ defined above is bounded in ܮଶሺܷሻ-no
bspace ܥஶsu ଴ ሺܷሻ and moreover, we have  

|ሻݒሺܨ| ൑ ቆන ݂ଶ ݀ݔቇ
ଵ/ଶ

ቆන ݔ݀ ଶݒ
ଵ/ଶ

rn to th alar product defined above. In fact, the bilinear form 

ሺݑ, :ሻݒ ൌ න ݑ׏ ·  ݔ݀ ݒ׏

 
the associated norm. 



Hence we obtain a weak formulation of (1): given a function ݂ א  ଶሺܷሻ, any classical solutionܮ
isson equation with zero boundary condition is a solution of the following problem ݑ to the Po

ሺݑ, ሻݒ ൌ ,ሻݒሺܨ ݒ ׊ א ଴ܥ
ஶሺܷሻ,                                                     ሺ3ሻ 

tural. 

Definition. A function ݑ א ଴ܪ ܷ  which solves (3) is called a  to the Poisson 

r the new 

ݔ݀ ሻݔଶሺ|ݒ ൒ ܥ න ݔ݀ ሻݔଶሺݒ
௎

 

଴
ଶሺܷ

Denote byז ction obtained by extending ݒ by zero outside of ܷ. Let 
ܳ is contained in the cube ݒ  be large enough such that the support of ܯ ൌ ሼݔ: |௞ݔ| ൑  .ሽܯ
Notice that డ 

డ௫ೖ

where ܨ is defined by (2). The following definition is then na

ଵ,ଶሺ ሻ  solution weak
equation with zero boundary conditions. 

In orde  to existence of hat 
generates th tric (and top ሻ. 

 threat the  a weak solution we show t scalar product 
e same me ological) structure in ܪ଴

ଵ,ଶሺܷ

 

Poincare’s inequality 

heorem  (Poincare’s inequality).  If ܷ  is a bounded open  subset of Թ௡  then  there exists a 
onstant ܥ ൌ ሺܷሻܥ ൐ 0 such that  
T
c

න ׏|
௎

for all ݒ א ଴ܥ
ଵሺܷሻ. Moreover, the inequality holds for any function in ܪଵ, ሻ 

 the same letter ݒ the fun

௞ݔ ൌ 1, hence integrating by parts we find 

න ݔ݀ ሻݔଶሺݒ
௎

ൌ න ଶݒ  ௞ݔ߲
௞ݔ߲

ݔ݀ 
ொ

ൌ െ2 න ௫ೖݒݒ௞ݔ
ᇱ ݔ݀

ொ
൑ ܯ2 න ௫ೖݒݒ|

ᇱ ݔ݀|
ொ

 

Applying Cauchy inequality ቀ׬ หݒݒ௫ೖ
ᇱ ห݀ݔொ ቁ

ଶ
൑ ׬ ொݔଶ݀ݒ ׬  ௫ೖݒ

ᇱ ଶ݀ݔொ   we obtain 
 

1
ଶܯ4 න ݔଶ݀ݒ ൌ

1

௎ ଶܯ4 න ݔଶ݀ݒ ൑ න ᇱݒ ଶ݀ݔ
ொ

௫ೖ
ொ

൑ න ׏| |ଶ ݀ݔ
௎

 

ows.ז 

 the optimal constant in the Poincare as many 
n mathematics and mathema cal ph tance, if one 

est constant √ܥ

ݒ

and the desired property foll

Remark 1. The question on  inequality h
elations to other problems i ysics. For ins

 

 
r ti
think of ܷ as a membrane then the b  in the inequality is exactly 

times is called also th  fundamental toneሻ of ܷ. If 
erval then ߣ ൌ  ,Besides the fundamental tone .ܮ/ߨ

 Poincare 
et

ܷ
o

he fundamental frequency ߣଵ ሺsome
ൌ ሾ0, ሿ is the one‐dimensional intܮ

ne distingu
ଵ

ish also a series of higher “tones” ሺsee the first picture belowሻ. The second 
picture shows the oscillating two‐dimensional membrane corresponding to the 7th tone 
ݒ ൌ sin ଵݔ2 sin ܷ ଶ in the rectangleݔ4 ൌ ሾ0,1ሿ ൈ ሾ0,1ሿ. 



          

 

Remark 2. The above Poincare inequality is a partial case of a more general relation ሺthe 
so‐called Poincare‐Friedrichs inequality inequalityሻ  

න ݔ݀ ሻݔ௣ሺ|ݒ׏|
௎

൒ ௣ܥ න ݔ݀ ሻݔ
௎

, ݒ׊ א ଴ܥ
ଵሺܷሻ 

hich can 

௅మ  

quality yields  

൑ ൫1 ൅ ሺܷሻ൯ܥ ׬ ݔ݀ ଶ|ݒ׏| ൌ ଵ|ݒ|
ଶ   ז 

 

Corollary 2 ሺExistence and iqueness of the weak solutionሻ. For any  ݂ א  ଶሺܷሻ there is aܮ
א ଴

ଵ,ଶሺܷሻ which solves (3). 

e have ԡݒԡ ther direction, 

ଵ|ݒ|
ଶ ൌ න ݔ݀ ଶ|ݒ׏| ൑  න ሺ|ݒ׏|ଶ ൅ ݔଶሻ݀|ݒ| ൌ ԡݒԡுభ,మ

ଶ . 

 Hence,
tely con

א ଴ܪ
ଵ,ଶሺܷሻ such that

ሻݒሺܨ ൌ ሺݑ, ,ሻݒ

That is ݑ is a weak solution to the Dirichlet problem formulated above. ז 

௣ሺݒ

w be proved by the same method. 

Corollary 1. If ܷ  is a bounded open  subset of Թ௡  then  there  exists a  constant ܥ ൌ ሺܷሻܥ ൐
0such that for any  ݒ א ଴ܪ

ଵ,ଶሺܷሻ 

ԡݒԡுభ,మ ൑ ԡݒ׏ଵԡܥ

ݒ Indeed, for any ז א ଴ܪ
ଵ,ଶሺܷሻ Poincare’s ine

ԡுభ,మ
ଶ ൌ ׬ ሺ|ݒ׏|ଶ ൅ ݒ௎ԡݔଶሻ݀|ݒ| ௎

 un
unique function ݑ

By Corollary 1 w ז ுభ,మ ൑ ԡ௅మ and, in the oݒ׏ଵԡܥ

ܪ

௎ ௎

It follows that |ݑ|ଵ and ԡݑԡுభ,మ are equivalent norms.  

ଵ,ଶ  applying 
rem to the new scal clude that 

On the other hand, ܨ defined by (2) is a bounded linear functional in ܪ଴ ሺܷሻ.
the Riesz representation theo ar product ሺݑ, ሻ we immediaݒ
there is a unique function ݑ   

ݒ׊ א ଴ܪ
ଵ,ଶሺܷሻ 



 

Existence of weak solutions for general elliptic equations 

The method described above can be applied also to the Dirichlet problem for more general 
elliptic equations. Conside ial operatorr a different  in divergence form 

ݑܮ ൌ ෍
߲ 

௜ݔ߲

௡

௜,௝ୀଵ
ቆܽ௜௝ሺݔሻ

ݑ߲
௝ݔ߲

ቇ ൅ ܿሺݔሻݑሺݔሻ. 

௜௝ ௝௜ ௝௜ ௜௝ ying the (uniform) 
llipticity condition: there is a constant ߙ ൐ 0 such that for any ߦ א Թ௡

௜,௝ୀଵ
.   

e natural definition of a 
weak solution is the following. 

Definition. A function ݑ א ଴ܪ
ଵ,ଶሺܷሻ which olves (3) is called a weak solution to ݑܮ ൌ 0 with 

zero boundary conditions if  

௎
ሻ

ݑ߲
௜ݔ߲

where ܽ ሺݔሻ ൌ ܽ ሺݔሻ, ܽ ሺݔሻ א ஶሺܥ ഥܷሻ, ܿሺݔሻ א ஶሺܥ ഥܷሻ and  ܽ ሺݔሻ satisf
 e

෍ ܽ௜௝ሺݔሻ
௡

௝ߦ௜ߦ ൒ ԡଶߦԡߙ

Starting from a smooth solution and integrating by parts, we see that th

s

െ න ݔ݀ ݒ݂ ൌ න ቆ෍ ܽ௜௝ሺݔ
௡ ݒ߲

௜,௝ୀଵݔ߲ ௝
െ ܿሺݔሻݒݑቇ ݔ݀ 

௎
, ݒ׊ א ଴ܥ

ஶሺܷሻ.                 ሺ4ሻ 

 

ሻݒ ൌ

by fo

න ቆ෍ ܽ௜௝ ݔ ௜ݔ߲

It is then convenient to restate the condition for a weak solution as follows: 

ሺܨ ,ݑሺܤ ,ሻݒ ݒ א ଴ܥ
ஶሺܷሻ,                                                        ሺ5ሻ 

where ܨሺ·ሻ s defined as before rmula (2) and the new bilinear form is given by 

,ݑሺܤ ሻݒ ൌ ሺ ሻ
௡ݑ߲ ݒ߲

௜,௝ୀଵ ௝ݔ߲
െ ܿ ݔ ሻቇݒݑ ݔ݀ 

௎
. 

The existence of a weak solution will follow immediately if we show that ܤሺݑ, ሻ is a scalaݒ
roduct whose associated norm is equivalent to the standard norm in ܪ଴

ଵ,ଶሺܷሻ. So we need to 
investigate under which conditions ܤሺݑ,  .ሻ meets these criteriaݒ

First we notice that ܤሺݑ,  ሻ. Next, byݔሻ is symmetric by our assumption on the coefficients ܽ௜௝ሺݒ
using of the ellipticity condition we obtain the following lower estim

,ݑሺܤ ሻݑ ൒  න ሺߙԡݑ׏ԡ െ ݑߛ ሻ݀ݔ
௎

൒ ԡ௅మݑ׏ԡߙ െ  ,ԡ௅మݑԡߛ

where ߛ ൌ maxሼܿሺݔሻ: ݔ א ܷሽ. Let us assume that  

ߛ ൌ maxሼܿሺݔሻ: ݔ א ܷሽ ൏  ܥߙ

ሺ ሻ

r 
p

ate: 

ଶ ଶ ଶ ଶ



where ܥ is the constant in the Poincare inequality. If ߛ ൑ 0 then ܤሺݑ, ሻݑ ൒ ԡ௅మ
ଶ , and if 

ߛ ൐ 0 then  

,ݑሺܤ ሻݑ ൒ ߙ െ ԡଶݑԡߛ ൐ ቀߙ െ ఊ

ݑ׏ԡߙ

ԡݑ׏ԡ௅మ
ଶ

௅మ ஼
ቁ ԡݑ׏ԡ௅మ

ଶ . 

,ݑሺܤ ሻݑ ൒ ԡ௅మݑ׏ଵԡܥ
ଶ ൒ ԡுభ,మݑଶԡܥ

ଶ  

where ܥଵ and ܥଶ are some positive constants. The latter inequality is called coercive condition. 

re continuous in ഥܷ, hence they bounded 
there. Denoting by ܯ the common upper bound we find 

,ݑሺܤ ሻݑ ൑ ԡுభ,మݑԡ ܯ
ଶ   

for all ஶሺܷሻ, and, consequently, for all ݑ א ଴ܪ ሺܷሻ.  

Summarizing, we conclude that ܤሺݑ,  ሻ is a symmetric bilinear form satisfying the bilateralݒ
inequality  

ሻݑ ൑ ԡுభ,మݑԡܯ
ଶ             ሺ݉, ܯ ൐ 0ሻ. 

Let |ݑ|஻ ؔ ඥܤሺݑ, ሻݑ

Applying then Corollary 1 we obtain  

Now, we notice that functions |ܽ௝௜ሺݔሻ| and |ܿሺݔሻ| a

ݑ  א ଴ܥ
ଵ,ଶ

݉ԡݑԡுభ,మ
ଶ ൑ ,ݑሺܤ

. Then the new norm is equivalent to ԡݑԡுభ,మ
ଶ  and we can again apply the 

Riesz theorem to show that for any bounded linear functional  there is a function 

଴ ሻs a

ak sol ned. 

 

ሻݒሺܨ ݑ א
ଵ,ଶሺܷܪ uch th t equality (5) above holds. Thus we have obtained 

Theorem. In the made assumptions, the we ution of ݑܮ ൌ 0 exists and is uniquely defi


