Solutions to some problems from Exercise problems (2009-02-20)

Problem 1. Find all solutions of 2uu,,, — u,u, = 1 which satisfy the ansatz u = f(x)g ().

Solution. We have after substitution

fOf DgMg' =1 = fOf )= 9009 00

The last equality implies that both R.H.S. and L.H.S. are constants. Denote the common constant by c.
Then we arrive to equations

fOf'=c = fx)=2x+a

where a is an arbitrary constant. Similarly for g: g%(y) = ZTy + b, where b is an arbitrary number.

Plugging this into the ansatz we obtain

2y
u= |Qcx+a) (T + b) = 2\/(x + )y + cy).
Problem 2a. Determine all characteristic curves to the following equations and transform the equation
to normal form in the given set:
XUy —Uyy =U, X # 0
Solution. The equation for characteristic curves in non-parametric form is

dy_bi\/bz—4ac_i2x_+1
dx 2a 2x2 0 T x

Hence the equation is hyperbolic for x # 0 (the discriminant b? — 4ac = 4x? is positive there) and we
find two solutions

y=Inx+C, y=-lnx+¢,.
We introduce new coordinates A = C; =y +Inx and ¢ = C; = y — Inx. Then the xy-derivatives are

uy —uy,

ro_ 1! ror
ux—uAAx+uuux— X

1 1
uY, = — (ﬁ) (wy — u;L) + (P) (ujy — 2uy; + ),

. . I I 4 noo__ 14 4 144 . . . .
And similarly u,, = wj +u, and uy, = wyy + 2u,, + . Then substitution these relations into our

equation yields

xZ
;(—uﬁ + )+ uyy — 2wy, + uy,) — (Ui + 2y,

17 _
T uuu) =u,

Combining terms we find the normal form: 4w,; +u; —u, +u = 0.
Problem 3b. Reduce the equation to normal form and find its general solution
25,11 2,11

XUy + 2xy Uy, + ytuy, = y.

Solution. We follow the previous solution: a = x2, b = 2xy, ¢ = y? so that the discriminant is
b? — 4ac = 0, hence our equation has parabolic type. The characteristic equation is



dy b ny Yy

dx 2a 2x2 x

Lo . dy _ d . : :
which implies 73] = TX and therefore y = Cx. We consider the new coordinates 1 = %, U = x (in the

parabolic case one can choose the second variable arbitrarily). Hence

y
! !
we = Ay +upy = — 2t +u,
2y y (Y y 2y , y* ., 2y
oo 4 144 144 144 n ! 144 n
Uy = 35Uy — 5 (— Ut uM) + (— Ut uw) —= U + uM —Z Uua T Uy
X x x X X
1 y (1 1
no_ _ r_ i I/
Yy = T2 T (x uM) Tt

Uyy = F”XA
Substitution into x2uyy + 2xy uy, + y*uy, —y = 0 yields
2y ,  ¥* y 1 y (1 1 y?
g <x3 U+ S~ S e+ i | 20y (_Pui N F(Zu”{l) + }uﬁ’u) + U T Y = X Uy —y =0

In the new coordinates, the latter equation reads as

oY 2
uuu—xz_#

The integration yields u, = Alnu + C(4) and then

u=Aulnpy—pw+ (1)

Hence the general solution has the form

7 Y\ _ y
u —;(xlnx—x) + f(;) —ylnx—y+f(;),
where f(t) is an arbitrary function of t.
Problem 4. Consider the following equation and answer the questions below:
4,11

2yuy, — 2y*uy, — 3y uy, = 0.

(a) Where is the equation hyperbolic? (b) Determine the characteristic curves. (c) Transform the
equation to canonical form where this is possible. (d) Determine its general solution in the domain where
it is hyperbolic.

Solution. (a) Inour casea = 2y,b = 0,c = —2y* Hence D = b? — 4ac = 16y° and the equation is
hyperbolic when y > 0 (and elliptic when y < 0).

(b) To find the characteristic curves we write the corresponding ODE in the hyperbolic domain y > 0:

dy btvb*—4ac 0= 16y5_+ %
dx 2a T 4y = s

The latter yields

Wzidx = ——=ix+C

3



The characteristic curves are hyperbolas — \/Z—y =x+ C and % = —x + C (in the upper half-plane):

2

(c) In these new coordinates = A1 =x — 5

2 )
and y = —x — ﬁwe find

Uy = Uy — Uy

1
uy = _y3/2 (uy +uy)

noo__ " "
Uyy = Uy — Zu;m +uyy

"

_ 3 ’ 1 1 " " "
uyy = —W(ul + uﬂ) + F(ull + ZuM + uW

We find that

0 = 2yuy, — 2y*uy, — 3y3 u),

ufyt2ufl tugp 30 )\ 30w + )
y3 - - y3/2

= 2y(uyy — 2uf), +uy,) — 2y* =
2y2

and, finally, uﬁ’“ = 0. The general solution to this equation is u = (1) + g(u), the general solution to

our equation is foundasu = F (x - i) +G (x +

2 . .
5 —), where F, G are arbitrary functions.

vy
Problem 5c. By the reflection method find the solution of the initial-value problems in the wedge
2
x> 0,t> 0 Uy — Uy =x —t, ulx,0) = —x2, u(x,0) =3x% u(0,t) = % (Hint: find a solution to the
nonhomogeneous equation and reduce the problem to the homogeneous equation.)
Solution. Itis easy to find a partial solution of u;; — u,,, = x — t. Since the R.H.S. is a sum of two

functions, each depending on one variable, one can (the equation is linear!) find a solution by separation
of variables. This gives
0 2 42
v(x,t) = ————
2 2

Write u = v + w, where u is the solution to our Cauchy problem. Then w is a solution of

Wit — Wy = 0.



Moreover, we can translate the given Cauchy data into the new:

2 2
w(x, 0) = u(x,0) — v(x,0) = —x? — <— %) = _x? = g(x),

we(x,0) = up(x,0) — v.(x,0) = 3x2 — 0 = 3x? = h(x),

t? t?
w(0,t) = u(0,t) — v(0,t) = <7> - <— ?> =t2 = H(x).

We find first the solution for x > t (by d’ Alembert formula):
2 42

1 1 rxtt x
wy(x,t) = E(g(x +)+gx—1t)+ Ef h(s)ds = t3 + 3x2t — > -7
x—t

Applying the reflection method, we find then our solution for x = ¢:
2,2

Wo(x)=x3+3x3—7—7=4x3—x2.

Then by the parallelogram rule, the solution in the upper wedge x < t is found from (see the picture)

Wz(x,t)+wo(t_x)=W0(x+t)+H(t—x)

2 2
W1 (x, t)
t4 x =t: wo(x) = wy(x,x)
x+t x+t
02 =x) (5
t-x t—
(55) Wi 0)

Hence w,(x, t) = x? + x3 + t? — 3xt + 3xt?. Finally, u is found by the sum v + w:

u =t +3x%t — x* —t?, forx >t >0,
x2 t2
u=7+x3+7—3xt+3xt2, fort > x > 0.

Problem 7. By the Fourier method find solution of u;; — u,, = 0 with the initial data:

T
u(x,0) = 2sin? (x - Z) ,  ug(x,0) = sin2x,
u(0,t) =1, u(m,t) =1

Solution. Set v = u — 1. Then v is the solution of the following problem:
I
Vee — Ve =0,  v(x,0) = 25sin? (x - Z) -1,  v:(x,0) =sin2x

v(0,t) = v(m,t) = 0.



Thus, we can apply the Fourier method of separation of variables. Simplify first the initial condition:

. m 1 1 2 . .
v(x,0) = 2sin? (x—z) -1= 2<—smx——cosx) —1 = —-2sinxcosx = —sin 2x.

V2 V2

We represent our solution by the formula
v(x,t) = a(t) sin 2x.
(i.e.in our case the series contains only one term, due to our initial conditions). We find
a'(t) + 4a(t) = 0.
The general solution of the last equation is
a(t) = Asin2t + B cos2t.

We have v(x,0) = —sin 2x, that is a(0) = —1. Similarly, v;(x, 0) = sin 2x, hence a’(0) = 1. We find the
constants A and B:

a(0) =B =-1, a'(0) =24=1.

Finally, a(t) = %sin 2t — cos 2t, yields

1
v = (E sin 2t — cos 2t> sin 2x.

Weobtainu =1 + G sin 2t — cos Zt) sin 2x.

Problem 9. Find the averages of the following functions on the 2-dimensional sphere x? + y? + z2 = 1

a) f=x?
b) f=x%y?
c) f=2z%

Solution. Denote by (f) the average of f over the sphere S. We shall exploit the following simple facts:

e the average is linear: (f + g) = (f) + (g),
e the average of a constant is equal the constant: (c) = c,
e thesumx? + y? + z? is equal to 1 on the sphere.

a) We have (x2) = (y2) = (z2) = 3(x2) = (x2 + y2 + z2) = (1) = 1. Hence (x?) = §
Solve b) and c). First notice that by symmetry,
(x?z%) = (x*y?) = (2?y?) =14, (") =(y*) =(z*) =:B.

Next, we multiply x2 by 1 = x2 + y2 + z?2, then applying (a) and take the average:
1 .
3= (x2) = (x2(x? + y? + z?)) = by linearilty =
= (x*) + (x®y?) + (x?2%) = B + 2A.

Hence 2A + B = 1/3. In order to find another relation we introduce the new variables

;11 1

x'=— "= -— =z

1
xX+—=y, =—Xx )
N AN AN M 24



This change of variables corresponds to the rotation in the xy-plane by angle 45°). Then
g g

ZnyI — xz _y2 = I2y12 — x‘l— — 2x2y2 +y4,

and since the average is invariant with respect to rotation, we have
4A = 4(x?y?) = 4(x"?y"?) = (x* — 2x%y? + y*) = 2B — 24,

hence 64 = 2B. Combining the found relations we find

(x?y?)y=A = (x*y=B = %

E:
Problem 10b. Find the solution of the 3-dim wave equation uy = uy, + uy), + uy, with Cauchy data
u(x,y,z,0) =x*y%,  u(x,y,20) = z%

Solution. We shall apply the solution of Problem 9. We have for the averages (here x, y, z are parameters
and &, are the Euclidean coordinates):

=(g(x + t&,y + t&, 2 + t&)) = ((x + t&)(y + t&;)?) = by linearilty =

= x?y*(1) + t2x%(§2) + t2y*(§7) + t*(§1¢Z7) = by Problem 9

4
t?y?
+ 3

— 22 4,2
x“cyc+ 15

3
Similarly,
2

My, = (h(x + té&y,y + t&, z + t&)) = ((z + t&,)?) = 2% + 2zt(&3) + t%(83) = z2 + %

Applying Kirchhoff’s formula u(x,t) = % (t Mg) + tM,,

yields
t2x2  t2y2 ¢t ! 2
_ 2.2 i i
u-(t(x ye+ 3 + 3 +15> t+t<z +3>
and finally,
t3 t*
u=xty? ez + 2O+ yh) + o

Problem 11. Find the solution of the 2-dim wave equation u; = uy, + uy, with Cauchy data

u(x,y,0) = xy, u.(x,y,0)=x2

Solution. We follow the method of Problems 9-10. Here we interpret the solution u(x, y, t)as the
solution to the three-dimensional wave equation which is independent of z. We repeat the steps given in
the solution of Problem 10.

My ={(x+¢&)(y+t&))=xy+0+0+0=xy,
2

My = (0 66)7) = x4 £(0) = x? 4 =

3
Applying Kirchhoff’s formula we find u = xy + tx? + %



